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Abstrat
We investigate the inuene of a uniform magneti eld on the zero-point energy of
harged elds of two types, namely, a massive harged salar eld under Dirihlet
boundary onditions and a massive fermion eld under MIT boundary onditions.
For the rst, exat results are obtained, in terms of exponentially onvergent fun-
tions, and for the seond, the limits for small and for large mass are analytially
obtained too. Coinidene with previously known, partial result serves as a hek
of the proedure. For the general ase in the seond situation a rather involved
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1 Introdution
The Casimir eet [1℄ is a very fundamental feature ommon to all quantum eld theories,
whih arises in partiular, as is well known, when there is a departure from the topology
of the ordinary at spaetime towards non-trivial topologies. It has been studied inten-
sively in the last years due to its importane in elementary partile physis, osmology
and ondensed matter physis see Ref. [2℄ for a reent review on the theoretial and
experimental aspets of this eet, and also Refs. [3℄.
Whenever we deal with a onned harged quantum eld, it is a natural question to
ask for the inuene of external elds on their zero-point osillations and to investigate
its onsequenes on the Casimir eet. The inuene of external elds on zero-point
osillations of unonned harged bosoni and fermioni elds and the onstrution of
the orresponding eetive eld theories (at the one-loop level) is an honorable subjet
and it is linked to the pioneering works of the thirties by Heisenberg, Kokel and Euler,
Heisenberg and Euler, and Weisskopf [4℄ and of the fties by Shwinger [5℄. More reently,
the inuene of a uniform magneti eld was extensively treated by Dittrih and Reuter
in the monograph [6℄, and zeta funtion tehniques were employed to onstrut eetive
Lagrangians for salars and Dira elds for d = 2, 3 and higher dimensions in onstant
bakground elds (see Refs. [7℄ and referenes therein). Ambjorn and Wolfram onsidered
the inuene of an eletrial eld on the vauum utuations of a harged salar eld [8℄.
Outside the ontext of pure QED, the inuene on the vauum energy density of a real
salar eld due to an arbitrary bakground of an also real salar eld interpreted as
a substitute for hard boundary onditions was onsidered in Refs. [9, 10, 11℄. In the
gravitational ase, Elizalde and Romeo investigated the issue of a neutral salar eld in
the presene of a stati external gravitational eld [12℄. A general and valuable disussion
of these aspets of quantum eld theory an be found in Ref. [13℄ too.
The inuene of external elds on zero-point osillations of quantum elds onned
by hard boundary onditions, however, has been investigated in some partiular ases
only. For example, the inuene of a uniform magneti eld on the Casimir eet was
investigated in Ref. [14℄ in the ases of a massive fermion eld and of a harged salar
eld both submitted to anti-periodi boundary onditions, and in Ref. [15℄ in the ase
of a massive harged salar eld submitted to Dirihlet boundary onditions. In the
ases onsidered by those authors it was formally shown that the fermioni Casimir eet
is enhaned by the applied magneti eld while the bosoni one is inhibited. In Refs.
[14, 15℄, Shwinger's proper-time method [5℄ was employed and expliit analytial results
obtained for partiular regimes of a onveniently dened dimensionless parameter µ and
magnitude of the external eld. In the weak magneti eld regime, some aspets of the
material properties of onned harged elds were investigated in Refs. [16℄.
In this work we wish to resume the investigation of the inuene of an external mag-
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neti eld on the zero-point osillations of harged onned quantum elds and onsider
the ase of a massive fermion eld under a uniform magneti eld and onstrained by
boundary onditions of the MIT type, whih states that the fermioni urrent through an
hypothetial onning surfae must be zero [17℄. This is not an aademi question sine,
for instane, in the bag model of hadrons [17, 18℄, we an expet the zero-point osillations
of the quark elds to be inuened by the strong eletri and magneti elds that perme-
ate the interior of the hadroni bag (see for example [19℄ and referenes therein). We wish
also to reonsider the ase of a massive harged salar eld under a uniform magneti eld
by investigating regimes not onsidered in Ref. [15℄. In order to evaluate the relevant
Casimir energies it is onvenient, espeially in the ase of the massive fermion eld with
MIT boundary onditions, to follow the spirit of the representation of spetral sums as
ontour integrals [20℄, whih allows for the inorporation of the boundary onditions in
a smooth way. Here we will employ a relatively simple variant of this general proedure.
This variant is desribed in [21℄ and it will be here applied without further explanation
to the ases at hand (the interested reader should onsult that paper for details). The
outline of the present work is as follows. In Setion 2 we apply our alulational tools to
the harged salar eld ase. In Setion 3, we onsider the ase of the harged fermion
eld. For both ases, detailed numerial analysis and some speial analytial limits are
provided, together with an explanation of the results obtained and spei omparisons
with other results. Setion 4 is devoted to nal remarks. Throughout the paper we employ
natural units (h¯ = c = 1.)
2 The vauum energy of a harged salar eld with
Dirihlet boundary onditions and under the inu-
ene of a uniform magneti eld
Let us rst briey onsider a harged salar eld under Dirihlet boundary onditions
imposed on the eld on two parallel planes separated by the distane ℓ whose side L
satises the ondition L ≫ ℓ. Suppose initially that there is no external eld. The
unregularised Casimir energy is given by [21℄
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where K1 (z) and K2 (z) are funtions onstruted from the boundary onditions as de-
sribed in Ref. [21℄. The dimensionless parameter α takes into aount the internal
1
Notie that in the absene of external elds we ould have started from Eq. (21) in Ref. [21℄, but for
our purposes here it is more onvenient to start from Eq. (18).
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degrees of freedom of the quantum eld. For Dirihlet boundary onditions we begin by
writing
F (z) = sin z. (2)
Sine z = 0 is a root of F (z) we divide this funtion by z, thus removing z = 0 from






The funtion K (z) = K1 (z) + K2 (z), with K1 (z) = K2 (−z), is then obtained by per-
forming the substitution z → iz, that is




where z is the funtion








Sine K1 (z) = −e−z/2z and K2 (z) = ez/2z we have











To shorten these initial steps let us set m = 0. Then after expanding the log we obtain,
simply,















and after, simple manipulations, we obtain the well known result




For α = 2 we get the result valid for photons. A more omplex example of the usefulness
of Eq. (1) is provided in Ref. [21℄.
Let us onsider now the same type of eld and boundary onditions in the presene
of an external magneti eld whih we will suppose to be uniform and perpendiular to
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the two Dirihlet planes. We will assume also that eB points towards the positive OX3
diretion. Equation (1) reads now






















2 = eB (2n+ 1) , n = 0, 1, 2, 3, ... . (11)
The fator eB/2π is the degeneray fator and for a harged salar eld α = 2. Hene,
the funtion z reads now
z = z (p3, n) :=
√
ℓ2p23 + eBℓ
2 (2n+ 1) + µ2, (12)
where µ := ℓm. It is onvenient to dene
Mn :=
√
(2n+ 1) eBℓ2 + µ2 (13)
and write

















and we have set x := p3ℓ. Expanding the log and introduing the variable ω, dened by
ω :=
√
x2 +M2n, we end up with














dω ω (ω +Mn)
−1/2 (ω −Mn)−1/2 e−2kω. (17)
In order to evaluate this integral, we rst introdue an auxiliary integral dened by




−1/2 (ω −Mn)−1/2 e−2kωλ. (18)
To evaluate the auxiliary integral we make use of (.f. formula 3.384.3 in [22℄)
∫ ∞
µ1











(µ1µ2 + βµ2) , (19)
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whih holds for µ1 > 0, |Arg (β + µ1)| < π, Re µ2 > 0 and Re ρ > 0. The auxiliary
integral then reads
Ikn (Mn, λ) =
(2µ)−1/2
(2kλ)1/2
Γ (1/2)W0,0 (4kMnλ) , (20)
where Wµ,λ (z) is the Whittaker funtion [23℄. The Whittaker W0,0 (z) funtion is related





K0 (2kMnλ) . (21)
Taking the derivative of Eq. (20) with respet to λ, and setting λ = 1 to obtain Ikn (Mn),
we have
Ikn (Mn) = 2Mn
d
dz
K0 (z = 2kMnλ) |λ=1 = −MnK1 (2kMn) . (22)
Hene the vauum energy reads










K1 (2kMn) , (23)
or, more expliitly,






























(2n+ 1) eBℓ2 + µ2
)
(24)
This representation is an alternative to the one obtained in [15℄. In a very strong eld,
suh that eBℓ2 ≫ µ2, the deaying exponential behavior of the Bessel funtions of the
third kind allows us to keep only the term orresponding to k = 1 in the rst parel of










in agreement with [15℄. Notie that for zero magneti eld the vauum energy as given
by Eqs. (24) and (25) is zero, that is, the zero of the energy is automatially shifted with
respet to the vauum energy in the absene of the external eld (whih serves, therefore,
as the natural origin of energies).
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2.1 Numerial analysis for the salar ase
For arbitrary values of the parameter µ and of the saled eld eBℓ2, a numerial eval-
uation of Eq. (23) is still possible. The graphs of Figs. 1a, 1b, 2, and 3 exhibit some
representative examples.













Figure 1: Plot of the energy in terms of the dimensionless quantity b(= eBℓ2) orresponding to
the magneti eld, for a xed value of the dimensionless mass µ (here µ = 1). Fig. 1a shows in
detail the formation of a smooth minimum and its preise value.
In the rst two graphs (Fig. 1) we plot a dimensionless version of Eq. (23) as a
funtion of the saled magneti eld b := eBℓ2, for µ = 1 and a onvenient range of b that
learly shows the behavior of the energy (Fig. 1b). Notie that initially the external eld
dereases the value of the vauum energy up to a ertain value of b for whih the vauum
energy attains a minimum (whih is most learly depited in Fig. 1a). After reahing
this point, the energy grows as remarked in Ref. [15℄. This situation is the opposite of
what happens with a fermioni eld, in whih ase the energy dereases linearly with b,
for large values of b (as will be learly seen in the next setion).
Fig. 2 shows the behavior of the energy in terms of the mass µ for a xed value of
the magneti eld b (hosen here as b = 1, but the shape of the urve is very similar for a
wide range of values of b). It starts at a non-zero value, for zero magneti eld. Also this
is quite dierent from the behavior in the ase of a fermioni eld.
Finally, in Fig. 3 the energy is depited vs the variable t = b/µ2, that measures the
magnitude of the dimensionless magneti eld b in terms of the dimensionless mass µ2.
Notie that, although for µ = 1 we obtain the same urve as in Fig. 1, for any other value
of µ the preise shape of Fig. 3 is valuable, as a way of representing the energy in terms
of the unique quantity t (the magneti eld in units of mass squared).
Families of urves orresponding to dierent values of one of the variables, and also
two-dimensional graphs are easy to obtain, in a reasonable amount of time, from our
7







Figure 2: Plot of the energy in terms of the dimensionless mass µ, for a xed value of the
dimensionless magneti eld b (here b = 1). For a wide range of values of b one gets a urve with
a similar shape.
formulas in this setion.
3 Conned fermion eld in a uniform magneti eld
As in the ase of the harged bosons, the uniform magneti eld is here perpendiular
to the (hypothetial) parallel MIT onstraining surfaes. The distane between them is
ℓ and eB is again supposed to point towards the positive OX3 diretion. The starting
expression reads











where the multipliative fator 2 takes into aount the partile and antipartile states,













where again (with µ := ℓm)
z = z (q, n, α) :=
√
ℓ2p23 + (2n+ 1− α) eBℓ2 + µ2 n = 0, 1, 2, 3... . (28)
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Figure 3: Plot of the energy in terms of the dimensionless variable t = b/µ2, that measures the
magnitude of the dimensionless magneti eld b in terms of the dimensionless mass µ2. It is lear
that, at µ = 1 we reover the same shape as in Fig. 1.
Expanding the log as before we obtain
log
[










× [z − µ]k e−2kz, (29)
and performing the sum over α, we arrive at





















)1/2 − µ]k e−2k(x2+M2p)1/2, (31)
with x := p3ℓ and
M2p := 2 (p+ 1) eBℓ
2 + µ2, p = −1, 0, 1, 2, 3, ... . (32)
The prime in Eq. (30) means that the term orresponding to p = −1 must be multiplied









dω ω (ω +Mp)
−1/2 (ω −Mp)−1/2 (ω + µ)−k (ω − µ)k e−2kω. (33)
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The integral dened by Eq. (33) is non-trivial. Here we will solve it analytially in two
limits, to wit: the large and the smallµ limits. A numerial integration of Eq. (33),
however, is feasible to onveniently omplete the analysis. We will show the results later.
3.1 The limit µ≪ 1












x2 − a2 = aK1 (ab) , a > 0, Re a > 0. (35)






as an be easily seen by realling that, for z → 0, K1 (z) ≈ 1/z. There are three types of
ontributions to the vauum energy: orresponding to p = −1, p = 0, and p = 1, 2, 3, ...,
respetively. They read













































2 (p+ 1) eBℓ2
)
. (40)
It follows then that the rst sum an be exatly evaluated by using the eta funtion,










Therefore, the Casimir energy in this limit reads































2 (p + 1) eBℓ2
)
. (42)
From this result we an easily extrat the limit eBℓ2 ≫ 1. Due to the deaying exponential
behavior of the modied Bessel funtion, the leading ontribution is given by the rst term
in Eq. (42). Hene
E0 (ℓ, µ ≈ 0, eB) ≈ −eBA
48 ℓ
, eBℓ2 ≫ 1. (43)
This result has the same sign and one fourth of the magnitude of the orresponding
problem with anti-periodi boundary onditions in this same limit [14℄. This dierene
an be readily understood if we reall that the anti-periodiity length orresponds to 2ℓ,
and that the number of allowed modes is twie the number of modes of the MIT ase for
massless fermions. Therefore, the result given by Eq. (43), in that partiular limit, is
ompatible with the one given in Ref. [14℄.
3.2 The limit µ≫ 1
In this limit only the term orresponding to p = −1, M−1 = µ, ontributes. Therefore,




dω ω (ω + µ)−k−1/2 (ω − µ)k−1/2 e−2kω (44)
The trik to evaluate this integral we have learned it above. One should write the auxiliary
integral
I−1k (µ, λ) :=
∫ ∞
µ
dω (ω + µ)−k−1/2 (ω − µ)k−1/2 e−2kωλ (45)
and evaluate it with the help of formula given by Eq. (19). The result is
I−1k (µ, λ) =
Γ (k + 1/2)
(4µkλ)1/2
W−k0 (4µkλ) . (46)
For large values of the argument, the Whittaker funtion behaves as
Wνµ (z) ≈ zνe−z/2, (47)
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hene for µ≫ 1 we an write

















I−1k (µ, λ) =










The vauum energy in this regime is given bay
















a result that is new and inorporates the rst mass orretions.
The most relevant one is the k = 1 term ,whih yields






that is suiently small. This is not the same result as the one obtained for anti-periodi
boundary onditions though the damping exponential appears in both ases. The fators
multiplying the exponential are dierent, it must be remembered though that for µ 6= 0
the MIT and the AP spetra are not omparable. When µ = 0 the MIT and the AP
spetra for eah omponent of the fermion eld dier by a fator of 4.
3.3 Numerial analysis for arbitrary mass
For arbitrary values of the mass and the magneti eld or, orrespondingly, of their
dimensionless ounterparts, µ and eBℓ2, the integral dened by (33) is very hard to
evaluate analytially. In fat, even if we would give it in terms of hypergeometri funtions
this would not improve our knowledge of the dependene of the energy on the mass and
the magneti eld. Fortunately, a numerial analysis based on Eq. (30) is possible and
leads to very preise, easily understandable results.












Jpk (t, µ) , (53)
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where














with y := x/µ and t = eBℓ2/µ2.




















Figure 4: In the fermioni ase, plot of the energy in terms of the dimensionless magneti eld
b, for a xed value of the dimensionless mass µ (here µ = 1). In Fig. 4a, detail the formation of
an inexion region, and the inetion point; in Fig. 4b, the intermediate region; nally, in Fig.
4, asymptoti behavior for large values of b.
The result of the numerial evaluation of Eq. (54) for a sample of values of µ and b
is shown in Figs. 4 and 5. Fig. 4 shows the dependene of the energy on the magneti
eld b for dierent ranges of this quantity, to better show the inexion region (Fig. 4a,
low values of µ), the intermediate region (Fig. 4b) and the asymptoti behavior for large
values of b (Fig. 4). The intermediate region is most interesting, showing a smooth
13














Figure 5: Plot of the energy in terms of the dimensionless mass µ. In Fig. 5a we see the behavior
for small mass, with the formation of a smooth minimum, whih looks muh sharper in Fig. 5b,
where the asymptoti behavior for large µ is learly established.
transition from the ase of small magneti eld (with a good zero eld limit) to the
linear asymptoti behavior orresponding to a large eld. And this situation is ommon
for any partiular value of the mass µ. The transition is given by a smooth inexion
point of nearly horizontal tangent. It looks like a minimum ould almost be formed,
but not quite. In Fig. 5 the dependene of the energy on the dimensionless mass µ is
depited, showing the behavior in the region of small mass (Fig. 5a) and the asymptoti
behavior for large µ (Fig. 5b). Needless to say, the asymptoti behavior orresponds to
the the analyti expressions obtained before. For the intermediate region we see a smooth
behavior onneting the two regions with a minimum that is very easily obtained with
good preision, for any partiular value of b.
The same observations as for the bosoni ase an be done here, namely, that the
graphs shown are only a very small sample of the ones that an be easily obtained from
our general formulas in this setion, orresponding to the fermioni ase, for dierent
values of the variables, and inluding two-dimensional plots. We should warn the reader,
however, that the omputation time is drastially inreased now.
4 Final remarks
In this paper we have onsidered the inuene of an external uniform magneti eld on the
Casimir energy assoiated with harged quantum elds onned by hard boundary ondi-
tions. The method employed inorporates, in a relatively simple way, the hard boundary
onditions of the Dirihlet or MIT type imposed, respetively, on a massive bosoni eld
and a massive fermioni eld plus, for both ases, the eet of the magneti eld, and
14
leads to expressions for the vauum energy espeially suited for numerial alulations.
The analytial and numerial results show that, in the bosoni ase and Dirihlet bound-
ary onditions, the eet of a large, applied magneti eld is to suppress the vauum
energy, and in the ase of fermioni eld onned in a slab-bag with MIT boundary on-
ditions, the eet of the applied eld is to enhane (in absolute magnitude) the vauum
energy. For small and for intermediate values of the saled magneti eld, however, a
more interesting behavior of the vauum energy shows up. Sine here the alulations
were performed in the general framework of an eetive eld theory, the details of the
interation between the quantum eld and the external magneti eld represented by
the generation of the Landau levels and the hard boundary onditions remains hidden.
It would be interesting to understand the behavior of the vauum energy under the ir-
umstanes onsidered here in terms of a more fundamental model of the struture of the
onned quantum vauum.
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